Calculus Maximus Notes 1.imits & Continuity

81.1—Limits & Continuity

What do you see below?

We are building the “House of Calculus,” one sitla #ime . . . and we need a solid FOUNDATION.
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Example 1:
(Calculator) Forf (x) = x?

(a) fill in the following chart
X 2.9 2.99 2.999 3.1 3.01 3.001

f(x)

(b) What do these values tell us abduin theneighborhoodof x =37

(c) Based on the chart above, what do you thirtkesvalue of f (3) ?

(d) What IS f (3) ?

Example 2:

3 _ny2
(Calculator) If g(x) = X 3;( :
X_

(a) fill in the following chart
X 2.9 2.99 2.999 31 3.01 3.001

g(x)

(b) What do these values tell us abgutn theneighborhoodof x=3?

(c) Based on the chart above, what do you thirtkasvalue ofg(3) ?

(d) What ISg(3) ?

(e) Is there a still a way to mathematically commate the result from the chart above?
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Calculus Maximus Notes 1.Imits & Continuity

Going where we can’tgo . . .

TOP SECRET RESEARCH FACILITY
USE OF DEADLY FORCE AUTHORIZED

Restricted Area

It is unlawful to enter this area without
permission of the installation commander.
Sec. 21, Internal Security Act of 1950; 50 U.S.C. 797

While on this installation all personnel and
the property under their control are subject
to search and seizure.

Photography Prohibited

It is unlawful to make any photograph, film,
map, sketch, picture, drawing, graphic
representation of this area or equipment at
or flying over this installation.

Sec. 21, Internal Security Act of 1950; 18 U.S.C. 795

Use of deadly force authorized.

This interruption to the flow of the graph gfin Example 2 is called @movable point discontinuity, or
aholein the graph ofg.

Simply evaluating a function at a particular vaisignsufficient for understanding the behavior ofre
types of functions at that point, especially fuans with discontinuities at those points. Thereherefore,
a need to come up with another method that willizirvent the possibility of going directly a location,
but rathempproaching that location from either side of it. This is tiveit, and it has its own notation as
you will see

The Limit is a Notion of Motion

Example 3:
Suppose you wanted to safely and smooooothly @oss
chasm in your car._What three things would youdfRee
Would you be able to do so in the situation deplidgtethe
photo to the right? What is missing?

If you were to build the bridge, would you know etg
where to build it to make crossing the chasm iaraac
continuously smooth undertaking?

As you can see, the existence or non-existendeediridge (function value) is independent of the
existence of theoads leading in from either side (the limit from te left and right). This is exactly
why the limit is so important—it gives us a waytatk about the activity in the neighborhood of anpo
whether or not the graph (bridge) exists at thattpar not.
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Example 4:

3 _ny2
For g(x) = X =3

, algebraically determine the coordinate(olfg(x)) the removable point

discontinuity, then use limit notation to descrileat is happening as the discontinuity is approddiem
either side.

Theorem:

lim f(x)=L=lim () < lm f(3 =L

X-C X-C

The theorem above essentially says that the lintliewist if and only if the two roads coming in from
either side are aligning with each other, irrespeadf whether there is a bridge connecting the rtoaxs.
The limit describes they-values to which the roads are leading! The funatn value pertains to the
bridge itself at a single point.

Example 5:
X2 +4x+3 . . o
For f(X) = 2 algebraically determine the following:
@ f(-1) (b)lim_ f (x) (c)lim_f (x) (@dlim f(x)

X =1 X =1 x--1
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Notes 1.1Imits & Continuity

If our goal is to safely and smoothly drive acrties chasm in our car, what relationship among tlae r

leading in, the bridge, and the road leading oustrthere be?

With the limit notation, we now have a way to defitontinuity at a point.

Continuity at a point (HUGELY IMPORTANT)

A function f (x)is continuous at a pointx=c if

im () = f(c) = lim_f(

X-C

that is

road in = bridge = road out

Example 6:
3 _
Using the definition of continuity, determine whethhe graph oh(x) =— S — 20 is continuous at the
X°+8x—
following. Justify.
(a) x=2 (b) x=0 x=-10
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Removable Point Discontinuity

If for some functionf (x) at x=c,
lim f (x) =L but either f (c) is undefined orf (c) # L

X-C

=4

f (x) has a removable point discontinuity (hole) atL)

We know that the function value and the limit vaéxast independently of one another, but the odeeki
limits may also exist independent of each other.

Example 7:
2
For f(x)= X X< 2, algebraically determine the following:
2x-1,x> 2
@ f(2) (Hm f(x) (dm_f (x)
X—2 X—2
(d) Iim2 f (x) (e) continudf f at x=2. Justify.
X —

Non-Removable Jump Discontinuity

If for some functionf (x) at x=c,
lim f(x)=L, and lim f(x)=L, wherel, # L, (regardless off (c))

X-C X-C

<~

f (x) has a non-removable jump discontinuityxat ¢
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Example 8:
Using the definition of continuity at a point, disss the continuity of the following function. Jifist

X+2, X<-=-2

XZ
f(x)= > -2<x< 2
21

The 3-step definition of continuity at a point o provide us with a system of equations needédd
unknowns.

Example 9:
ax’-b, x<-1

If f (x) =<4, X =-1, find the values o& andb such thatf (x) is continuous ak =-1.
2ax+b, x>-1

Before we move on to explore other discontinuities worth noting something about particular funas
that we KNOW to be continuous (such as polynomgits, cosine, exponential, etc.)

If a function is continuous at a point, then the fuction value
and the limit value are the same at that point!
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Example 10:

Evaluate each of the following limits:

(a) Iim(4x5—7x4+3x3—x2+ x—5) (b)lim cosx (cumln—X
x-1 5t x-e 2

—-—

In Example 6 we saw another type of discontinuity—a verticajraptote (VA),
officially called aNon-Removable Infinite Discontinuity.

1/ ..

Similar to a jump discontinuity, the limit will alays fail to exist at a VA, but for a ven
different reason. As we approach a vertical asymegdtom either side, there are only (
two options—go down forever to negative infinity or go up foreer to infinity . . . |
neither of which is a limit! 'l

Non-Removable Infinite Discontinuity

If for some functionf (x) at x=c,

lim f(x) =c0 or lim f(X)=-oco0r lim f(xX) =c or lim f(X) =-c
x-ct x-ct X-C X-C

=4

f (x) has a non-removable infinite discontinuityxat c.
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Example 11:
Evaluate for each of the following functions: PD®n’t use a calculator if you don’'t have to. B.SYou
don’t have to.

. h(x)=Inx (@)h(0) = (b) lim h(x)= (c) lim h(x)= (d) Iimoh(x)=
X-0" x0Tt X >
I f(x)=—— @f@)=  ®Iimf(x)=  ©lmf(x)=  (dlimf(x)=
X—3 X-3" x-3" X-3
. g(x)= 1 = (@ g(-2)= (b) lim g(x)= (c) Iim+g(x)= (d) lim g(x) =
(X+2) X =2 X =2 X =2
IV. K(x)=secx (a)K(’—ZTj: (b) lim K(x)= (c) Iim+K(x)= (d) IimﬂK(x):
XHLZT XHLZT X*E
Example 12:
X2 +X—6
If f(x): %2 —3y—2 X#2 is continuous for alk#-—%
K, X=2
() lim f(x)= (bI)mlf(x): (c) What is the valofk?
1 X -
=7
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There is one last type of discontinuity that carabitle triggy. It's called amscillating discontinuity.

Example 13:

Notes 1.Imits & Continuity

Examine f (x) = sin(lj in the vicinity of x=0. Verify your results by graphing the function and
X

zooming in aroundk=0. What is lim f(x)?

Xx-0

Hopefully you're getting comfortable with this neslea of a limit value and how it is categorically

different from a function value. Additionally, yme no doubt become aware of how important both the

limit value and the function value are importanttie idea of continuity at a point.

LY
r o

When looking for a limit value ax=c,
imagine that you’'ve got a thick vertical
line covering upx = cwith only the
graph showing on either side gf=c.
You are now looking to see what
value(s) the graph is approaching on
either side ofx=c. If the graphs appea
to be approaching the sam@alue, the
limit exists and is thag-value.

When looking for a function value at
X =c, imagine that you’ve got shudders
up on either side ok = cwith only the

vertical sliver atx = cvisible between

them. You are now looking for the dot
the piece of the graph that exists in thaf
narrow sliver. If it exists, thg-value of

the dot is the function valug(c).

Otherwise, the limit does not exist therg.
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Put the two together, and you get a full picturevbat the graph looks like at=c.

f(x) /\
< —

Example 13:
Below is the graph of a functioh(x) . Evaluate the following:

(@) lim f(x)=

X =2 ﬂ\ «
(b) lim f(x)= 15+

X2 T

) f(4)=

(d) lim f (x)= Jjo t

(e) lim f(x)=

x-11F

() lim f(x)=
X-5

@ f(2)=

(h) lim f(x)=
6

X—

() fim f(x)= -5

X-6
0 Im,1(4-

k) f(-2)=

() lim f(x)=

X-0
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